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We show that matter-wave interference fringes formed by two overlapping atomic clouds can
yield information about the non-local Bell correlations. To this end, we consider a simple atomic
interferometer, where the clouds are released from the double-well potential and the relative phase
is estimated from the density fit to this interference pattern. The Bell correlations can be deduced
from the sensitivity of the phase obtained in this way. We examine the relation between these two
quantities for a wide range of ground states of the double-well, scanning through the attractive
and the repulsive interactions. The presented analysis includes the effects of finite temperature,
when excited states are thermally occupied. We also consider the impact of the spatial resolution
of the single-atom detectors and the fluctuations of the energy mismatch between the wells. These
results establish a link between the fundamental (non-locality) and application-oriented (quantum
metrology) aspects of entanglement.
Introduction. The interference pattern obtained af-
ter time-of-flight imaging [1] is a direct probe of phase
coherence in ultracold gases [2, 3]. Interference ef-
fects have been used to probe the superfluid to Mott-
insulator quantum phase transition in an optical lat-
tice [4], detect the Berezinskii-Kosterlitz-Thouless tran-
sition in two-dimensional quantum gases [5] demonstrate
collapse and revivals of phase coherence [6], reveal the
quantum statistics of bosonic [7] and fermionic [8] atoms
via Hanbury-Brown and Twiss correlations, measure the
effective spin length of a condensate in a double-well sys-
tems [9, 10], and study the evolution of the relative phase
in Josephson experiments [11–13]. Moreover, interference
of condensates released from an optical lattice has been
used to demonstrate mode entanglement [14] and is a tool
to extract the Renyi entropy in optical lattices [15]. Mul-
tipartite entanglement between atoms in a double-well
potential [16–19] can be detected by the phase uncer-
tainty otained in repeated interference experiments with
Bose-Einstein condensates [20].
In this manuscript, we show that interference
fringes formed by two weakly-linked Bose-Einstein
condensates—initially trapped in a double-well potential
and overlapping after free expansion—can reveal Bell cor-
relations between atoms through the sole analysis of the
one-body density distribution. We relate the quantum
phase sensitivity obtained from the analysis of the den-
sity pattern after the matter-wave expansion to the cri-
teria for witnessing Bell correlations based on the first-
and second-order correlation function of bosons derived
in Ref. [21] (see also Refs. [22–26] for recent studies).
Bell’s correlations—recently observed in atomic ensem-
bles [27–30]—are a strong form of entanglement neces-
sary to violate Bell’s inequalities [31, 32] and eventually
demonstrate non-locality of quantum mechanics [33–35].
Differently from existing experimental studies [27–29],
where Bell correlations between neutral atoms have been
observed using internal degrees of freedom (atomic hyper-
fine states) and the measurement of the composite spin
vector required a number of manipulations of the system,
in our case Bell correlations are witnessed using external
degrees of freedom and by the observation of the inter-
ference pattern. We demonstrate that Bell correlations
in the Bose-gas is naturally present in the ground state
of the system without requiring, in the case of attractive
interaction, further manipulation. Our study takes into
account relevant experimental imperfections such as fi-
nite temperature, finite spatial resolution of single-atom
detectors, and the fluctuations of the energy mismatch
between the wells of the double well potential.
Model and methods. We consider an ultracold Bose
gas trapped in a double-well potential and with tunable
interparticle interaction [13, 36, 37]. For a sufficiently
high tunneling barrier and relatively weak interaction,
the system can be described in a two-mode approxima-
tion (see Ref. [37] for a review). In this case, the bosonic
field operator is Ψˆ(r, t) = ψa(r, t)aˆ + ψb(r, t)bˆ, where aˆ
and bˆ annihilates a particle in the left or right well of
the potential, respectively, ψa,b(r, t) are the correspond-
ing (real) spatial wavefunctions centered around the min-
ima of the double-well trap satisfying
∫
drψ2a,b(r, t) = 1
and
∫
drψa(r, t)ψb(r, t) = 0. The normalization condi-
tion sets
∫
dr〈Ψˆ†(r, t)Ψˆ(r, t)〉 = 〈aˆ†aˆ + bˆ†bˆ〉 = N , where
N is the conserved total number of particles. Within this
two-mode approximation, the system can be described by
the bosonic Josephson junction Hamiltonian
Hˆ = −Jˆx + Λ
N
Jˆ2z + δJˆz, (1)
where
Jˆx =
aˆ†bˆ+ bˆ†aˆ
2
, Jˆy =
aˆ†bˆ− bˆ†aˆ
2i
, Jˆz =
aˆ†aˆ− bˆ†bˆ
2
(2)
is the triad of the angular momentum operators. In
Eq. (1) the parameters are re-scaled to the Josephson
tunneling energy EJ . And so, Λ = U/EJ rules the
competition between interaction and tunneling—it can
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2be positive or negative, depending wether the interac-
tion strength is repulsive or attractive, respectively. The
parameter δ depends on the energy mismatch between
the two wells. It should be noticed that, for δ = 0, the
ground state of Eq. (1) undergoes a second-order quan-
tum phase transition at Λ = −1 between a paramagnetic
(at Λ > −1) and a ferromagnetic (Λ < −1) phase [37–
41]. For a fixed value Λ < −1 and tuning the energy
mismatch δ, the system has a first order quantum phase
transition with a discontinuous jump of the population
imbalance. First- and second-order quantum phase tran-
sitions in this system have been experimentally observed
in Ref. [36].
After the preparation of the condensate in the double-
well (we consider the zero- as well as finite-temperature
cases), we give a phase shift ϕ between the two modes.
This is obtained by applying an energy imbalance δϕ be-
tween the two modes for a time tϕ such that ϕ = δϕtϕ
(we set ~ ≡ 1), assuming that the effect of tunneling
and interaction is negligible during the phase acquisition
time, EJ tϕ, Utϕ  ϕ.. We also assume that ϕ is re-
producible in repeated independent experiments. After
phase acquisition, the trap is switched off and the wave-
functions, initially localized in the two wells, expand and
overlap. In the far field (namely, for a sufficiently long
time of flight such that the wavefunctions fully overlap),
the (normalized) spatial density is given by
%(r, tf ;ϕ) =
〈Ψˆ†(r, tf)Ψˆ(r, tf)〉
N
= 1 + ν cos(k · r + ϕ).
(3)
Here, k = 2r0/
~tf
m , 2r0 is the vector pointing from the
center of one well to the other, tf is the time of flight, m
is the mass of a single atom, and
ν =
2
N
|〈Jˆx〉| (4)
is the visibility of the interference fringes (notice that
ν 6 1). We take 〈Jˆy〉 = 0 throughout the text—this is
satisfied for all the ground states of the double-well po-
tential, as well as for all eigenstates of the Hamiltonian
(1). This condition is altered neither by the thermal fluc-
tuations nor other sources of noise considered below.
The phase ϕ can be estimated by measuring the po-
sition of atoms, and then fitting the one-body density
%(r, tf ;ϕest), Eq. (3), using the least-squares method,
with ϕest as a free parameter. This gives an estimator
ϕest of ϕ which is unbiased [20], ϕest = ϕ as the num-
ber of experiments tends to infinity, where the over-line
denotes statistical averaging. The variance of this esti-
mator, taken as measure of sensitivity of the double-well
interferometer, is equal to [20]
∆2ϕest =
1
N
[
ξ2φ +
√
1− ν2
ν2
]
, (5)
where ξ2φ = N〈Jˆ2y 〉/〈Jˆx〉2 is the spin-squeezing parame-
ter [37]. The condition ξ2φ < 1 implies squeezing of the
Jˆy spin component, that is generally indicated as phase-
squeezing. We introduce the parameter
A ≡ N∆2ϕest − 1 = ξ2φ +
√
1− ν2 − ν2
ν2
. (6)
Sub shot-noise sensitivity i.e., ∆2ϕest <
1
N in the estima-
tion of ϕ is equivalent to A < 0.
In this manuscript we relate Eq. (5) to the witness of
Bell’s correlations introduced in Refs. [21, 27], namely
B(θ) ≡ 〈Bˆ(θ)〉, where the operator
Bˆ(θ) = 2N cos2
θ
2
− 4Jˆ1+
+ 8 sin2
θ
2
[
−Jˆ1 sin
(
θ
2
)
+ Jˆ2 cos
(
θ
2
)]2
(7)
contains only one- and two-body operators. Here the
subscripts “1” and “2” denote a pair of orthogonal direc-
tions. The system contains Bell correlations if B(θ) < 0.
To relate ∆2ϕest—or equivalently the parameter A—
to the witness of Bell correlations, it is convenient to
apply the transformation Jˆ1 = Jˆx cos
(
θ
2
)−Jˆy sin ( θ2) and
Jˆ2 = Jˆx sin
(
θ
2
)
+ Jˆy cos
(
θ
2
)
to Eq. (10), giving [27]
B(θ) = 2N cos2
θ
2
− 4〈Jˆx〉 cos
(
θ
2
)
+ 8 sin2
(
θ
2
)
〈Jˆ2y 〉.
(8)
This equation can be minimized analytically with respect
to θ and the minimum is reached for
cos
(
θ0
2
)
=
ν
2(1− ξ2φν2)
. (9)
Replacing Eq. (9) into Eq. (8) we obtain that Bell’s cor-
relation are witnessed when
B ≡ B(θ0) = ξ2φ +
√
1− ν2 − 1
2ν2
< 0. (10)
Finally, the parameter A from Eq. (6) and B from (10)
are related by a simple function of the fringe visibility:
B = A+ f(ν), (11)
where f(ν) = 1 −
√
1−ν2+1
2ν2 and A is given by Eq. (6).
Thus the fit of the one-body function to the interference
pattern brings not only the knowledge about the phase
and its sensitivity [20], but also about the Bell correla-
tions in the system.
Noiseless case. Let us consider first the noiseless case
where the system is prepared in the ground state of
Eq. (1) with δ = 0. For attractive interaction, the ground
state is phase-squeezed for −(1 +√5)/2 < Λ < 0 [42]. In
a semiclassical approximation [43, 44], valid for N  1,
we have ξ2φ ≈
√
1 + Λ and ν ≈ 1 for −1 . Λ 6 0, so that
A ≈ √1 + Λ− 1, B ≈ √1 + Λ− 1/2. (12)
3FIG. 1. The numerical (solid lines) and analytical (dashed
lines) results for coefficients A (gray lines) and B (black lines)
as a function of the interaction strength Λ for both attractive
(left) and repulsive (right) interactions, T = 0, δ = 0 and
N = 1000. The shaded areas indicate the regimes A 6 0
(lighter area) and B 6 0 (darker area). Vertical lines for
Λ = −3
2
√
2
,− 3
4
, 3 indicate the analytical solution for B = 0.
The condition B < 0 reduces to ξ2φ < 1/2, which is
achieved for Λ < −3/4. For −(1 + √5)/2 < Λ < −1,
we have ξ2φ ≈ |Λ|
√
Λ2 − 1 and ν ≈ 1/|Λ|, giving
A ≈ 2|Λ|
√
Λ2 − 1− 1, B ≈ 3
2
|Λ|
√
Λ2 − 1− Λ
2
2
. (13)
The condition B < 0 gives Λ > −3/(2√2). The ana-
lytical expressions (12) and (13) are quite accurate for
sufficiently large N , except around Λ = −1 where the
approximations used to derive these expressions break
down [42]. For repulsive interaction, Λ > 0, the ground
state of Eq. (1) is number-squeezed, namely ξ2N =
N(∆Jˆz)
2/〈Jˆx〉2 < 1 [9, 10, 37]. A further rotation of
an angle pi/2 around the x axis is required in order to
transform number-squeezing onto phase-squeezing, giv-
ing ν ≈ 1 and
A ≈ 1√
1 + Λ
− 1, B ≈ 1√
1 + Λ
− 1
2
, (14)
for 0 6 Λ N2. This rotation is achieved, for instance,
by a quench of the tunneling for a time tpi/2EJ = pi/2
such that tpi/2U  1 is negligible. The condition to ob-
serve Bell correlations, B < 0, is ξ2φ < 1/2, that is fulfilled
for Λ > 3. In Fig. 1 we plot A (solid line) and B (dashed
line) as a function of Λ and for N = 1000: analytical
results are well reproduced by the numerical calculation
(obtained via exact diagonalization). The slight discrep-
ancy between the numerical results and the analytical
prediction for Λ > 0 is due to the finite atom number
and the assumption ν ≈ 1 obtained to derive Eq. (14).
Noisy case. In a more realistic scenario, we include the
noise coming from three different sources. First, we take
into account non-vanishing energy imbalance between the
wells, i.e., δ 6= 0, which is one of the leading sources of
noise in current double well experiments [13, 36]. We
model shot-to-shot fluctuations of δ with a Gaussian dis-
tribution of width σδ, such that the quantum state of the
FIG. 2. Parameter regions where the condition B < 0 (shaded
area) is fulfilled. Panels (a) and (b) show the effect of energy
imbalance (modeled as a normal distribution with width σδ)
at T = 0; (c) and (d) show the finite temperatures T case,
for σδ = 0; (e) and (f) show the effect of finite resolution σ
of spatial detection of the atoms, at T = 0 and σδ = 0. The
dashed lines in panels c− f are analytic predictions for B = 0
obtained from Eq. (19). In all panels N = 1000.
system if given by a density matrix
%ˆσδ,Λ = N
∫
dδ e
− δ2
2σ2
δ |Ψδ,Λ〉〈Ψδ,Λ|, (15)
where N is the normalization constant and |Ψδ,Λ〉 is the
ground state of Eq. (1) for fixed values of Λ and δ. We
calculate A and B for Eq. (15) and plot the result in
Fig. 2(a) and (b). There, we show the regions of B < 0:
the darker the shade of gray, the more negative value of
B. With growing σδ the range of values of Λ for which the
Bell correlations are witnessed by B shrinks, and the ef-
fect is much more pronounced for attractive interactions.
The regions of SSN sensitivity, A < 0 shrinks proportion-
ally, according to Eq. (11).
Next, we consider the effects of non-zero temperature.
First, we construct the density matrix at thermal equi-
4librium for the Hamiltonian (1), namely
%ˆth =
1
Z
N∑
n=0
|Ψn〉〈Ψn|e−βEn , (16)
where Z is the partition function, Hˆ|Ψn〉 = En|Ψn〉 and
β = EJ/(kBT ) (where kB is the Boltzmann constant).
The coefficients A and B are obtained from a calcula-
tion of the relevant spin moments using %ˆth, for instance
〈Jˆ2y 〉th = Tr
[
%ˆthJˆ
2
y
]
=
∑N
n=0
e−βEn
Z 〈Ψn|Jˆ2y |Ψn〉. Numeri-
cal results are shown in Figs. 2(c) and (d). The dashed
lines in these panels give B = 0 are obtained from an an-
alytical expression for the spin-squeezing parameter [42],
valid for sufficiently large N ,
ξ2φ(T ) =

|Λ|√Λ2 − 1 coth
(
β
√
Λ2−1
2
)
, Λ < −1,
√
1 + Λ coth
(
β
√
1+Λ
2
)
, −1 < Λ < 0,
1√
1+Λ
coth
(
β
√
1+Λ
2
)
, Λ > 0,
(17)
and assuming ν ≈ 1 and reproduce quite accurately the
numerical results.
Finally, the third effect that we consider is that of the
finite resolution in the detection of the atoms. To model
this effect we convolute the density Eq. (3) with a gaus-
sian probability of detecting an atom at position r given
its true position r′, namely
%˜(r, tf ;ϕ) =
1
(
√
2piσ)3
∫
dr e−
(r−r′)2
2σ2 %(r, tf ;ϕ) =
= 1 + ν˜ cos(k · r + ϕ), (18)
where ν˜ = νe−
1
2k
2σ2 is a blurred visibility. Using %˜, we
calculate the sensitivity ∆2ϕest and, from Eq. (11), we
obtain the expression for the Bell witness, i.e.,
B(T, σ) = ξ2φ(T ) +
√
1− ν˜2 − 1
2ν˜2
. (19)
Fig. 2 (d)-(e), we show the region of parameters for which
B(0, σ) 6 0, while the dashed line is the analytical pre-
diction for B = 0.
Conclusions. In this paper we have shown that the ob-
servation of the one-body density distribution of atoms
released from a double-well potential and forming an in-
terference pattern can witness the existence of non-local
Bell correlations is this system. This is achieved by a
precise link between the precision of phase estimation ob-
tained from a fit of the density to this pattern with the
Bell coefficient B introduced in Refs. [21, 27]. We have
analyzed the relation between these two quantities for the
bosonic Josephson junction Hamiltonian, with both for
attractive and repulsive interaction, including the effects
of finite temperature, energy imbalance between the two
wells and finite detection efficiency. Our results provide
an experimentally feasible method of detecting the Bell
correlations and establish a link between the fundamental
and the application-oriented aspects of entanglement.
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